INTRODUCTION
Five-axis CNC machine tools are widely used in manufacturing. It is difficult to guarantee accuracy since rotational axes are involved in multi-axis control. The basic geometric accuracy of machine tools is the foundation of their comprehensive accuracy. Therefore, geometric errors must be controlled. Based on the established error models, error measurement and identification are the keys to realising error compensation [1] to [3] . According to the differences in measuring instruments and methods, error measurement is divided into single error measurement and comprehensive error measurement. Single error measurement is direct, but its measurement period is long, and the environmental requirements are strict: in some cases, such as calculating errors in rotational axes, single error measurement is relatively difficult. Consequently, in production, comprehensive error is adopted to measure attitude errors that are not as accurate [4] to [6] .
Based on the double ball bar (DBB) invented by Bryan [7] , scholars began to explore its application to the geometric error measurement of rotational axes of computer numerical controlled (CNC) machine tools. Tsutsumi and Saito [8] proposed a method of error measurement and identification based on DBB. Two translational and one rotational, axes were combined into a measurement unit, and the sensitive direction of the DBB is kept constant. Then, four displacement errors and four angular errors of the rotational axes of a CNC machine tool with two turntables were identified. After that, Tsutsumi and Saito [9] proposed a two-step error measurement process and identification model according to the characteristics of a multi-axis control machine tool. Thus, four displacement errors and four angular errors of the rotational axes of the machine tool were obtained. Aiming at the turntable, Chen et al. [10] put forward a method with which to measure the comprehensive geometric errors of the rotational axis by DBB. Two axes were simultaneously controlled, and the circle trajectories were planned in different planes. Hence, there were nine error components measured from three mounting modes. The sources of error in the rotational axis were identified by using the error model. In addition, error measurement trajectories were found to influence the efficiency of error identification [11] . Jiang and Cripps [12] established four paths with which to identify the position-independent geometric errors in rotational axes. The displacement errors were measured first and then the angular errors. Chen et al. [13] proposed a four-installation method whereby a DBB was installed parallel to the X, Y, and Z-axes, and conically. A polynomial model of geometric errors was established, and three displacement errors and two angular errors in the turntable were identified. Compared with the former, this method improves the efficiency of measurement. Zhang et al. [14] planned measurement trajectories of the DBB. Two measurement trajectories of the DBB were designed in different horizontal planes to decouple displacement errors from angular errors. Three displacement errors and two angular errors of the rotational axis were obtained. Based on previous studies, Zhu et al. [15] regarded the CNC machine tool as a rigid multibody system and presented an integrated geometric error identification model. Six angular errors of the rotational axes on five-axis CNC machine tools with two turntables were identified by using DBB.
With the help of standard parts, the efficiency of the geometric error identification of rotational axes can also be improved. Sharif Uddin et al. [16] proposed a simulator identifying geometric errors of a five-axis machine tool based on DBB. By comparing machining geometric errors generated in machining, a standard workpiece with nominal errors, the geometric errors in a CNC machine tool with two turntables were identified. Nevertheless, how to select representative standard parts needs further study. Furthermore, analysing the influence of error sources on the end effector is another way to solve the geometric error source identification problem. Lasemi et al. [17] and Ni et al. [18] and [19] divided error sources into position-independent and positiondependent errors according to the difference in the effects of geometric error sources on the end effector by a DBB method. The identification model was established, and the geometric errors were identified by sensitivity analysis.
In addition to DBB, a number of other methods have also been proposed to measure geometric errors. Lei and Hsu [20] developed a device called a probeball. The cutting tool path was defined on a spherical surface, and the overall positioning errors of a fiveaxis CNC machine tool were obtained. However, this device makes it difficult to separate each geometric error in a five-axis machine tool, so it is not easy to use it to measure the geometric errors of the rotational axes. Weikert [21] developed an R-test that consisted of a high-precision ceramic sphere and a pedestal with three or four displacement sensors. By using this device, four geometric errors of the rotational axis on the five-axis CNC machine tools with two turntables were measured. Although the displacement errors in three directions can be measured simultaneously and more information can be obtained in one test by this device, the manufacturing requirements of the precision sphere are relatively high, which increases the cost of measurement. Similar to the principle of the R-test, the CapBall was developed by Zargarbashi and Mayer [22] which was a kind of measuring device equipped with a non-contact capacitance sensor. In addition to the aforementioned methods, it is feasible to apply a laser to error measurement in rotational axes [23] and [24] . Wang et al. [25] and [26] proposed a method to measure the geometric errors of rotational axes by way of a laser tracker. Based on a sequential multi-lateral measurement principle, the motion trajectories of rotational axes and the space coordinates of each measuring point were measured at different base stations. Then six geometric errors of the rotational axis were identified using the error model. However, the installation and commissioning of the device are slow, and it is expensive.
The research shows that the error measurement and identification of rotational axes on five-axis CNC machine tools are relatively difficult: it is, therefore, necessary to explore a simple and convenient method to measure attitude errors at five-axis machine tools in production sites. In terms of measuring instruments, the DBB is the most widely used due to its low price and simple installation. Here, the B/C type of fiveaxis CNC machine tool is studied; the rotational axes are located in the cutting tool movement chain and workpiece movement chain. The geometric error measurement and identification method of the rotational axes with a Renishaw QC-20 DBB are studied. The geometric error sources of two rotational axes on the machine tool are analysed. Then, based on the homogeneous coordinate transformation principle, the mapping relationship between the geometric errors of rotational axes and the structure parameters of the machine tool are established on the C turntable and B swinging head. The error identification model for the rotational axes is obtained by changing the installation modes of the DBB in three coordinate directions on the machine tool. Six geometric errors in the rotational axis are identified by using the least-squares method. Finally, the results are verified by way of an error measurement experiment on a machine tool.
METHODS

Establishment of Coordinate System
The machine tool shown in Fig. 1 is a B/C type of five-axis CNC machine tool, which consists of three translational axes (X, Y, and Z) and two rotational axes (B and C).
Fig. 1. Five-axis CNC machine tool
According to the kinematic principle, the position of an object in space is described by three translational degrees of freedom (DOFs) and three rotational DOFs of three rectangular coordinate axes in the Cartesian coordinate system. In practical situations, there are six attitude errors in each direction between a kinematic pair of the machine tool. These errors are affected by some factors such as the deviations in the manufacturing, installation, and abrasion of parts.
For the C turntable shown in Fig. 2 , when the rotational axis spins, there are errors in the directions of six DOFs, including three displacement errors and three angular errors, which are the displacement error δ Cx in the X direction, the displacement error δ Cy in the Y direction, the displacement error δ Cz in the direction of the Z-axis, the angular error ε Cx about the X-axis, the angular error ε Cy about the Y-axis, and the angular error ε Cz about the Z-axis. Similarly, for the B swinging head, there are also six errors: the displacement error δ Bx in the X direction, the displacement error δ By in the Y-axis direction, the displacement error δ Bz in the Z direction, the angular error ε Bx about the X-axis, the angular error ε By about the Y-axis, and the angular error ε Bz about the Z-axis. Ideally, the point of the cutting tool nose is the same as the point to be machined on the workpiece. In reality, there are deviations between them due to the errors in the machine tool. Therefore, the geometric errors are predicted and controlled by establishing the error model for the machine tool. As shown in (
Similarly, T y and T z are available. 
Similarly, R y and R y are available. The error can be interpreted as a small perturbation and a first-order linear approximation at the point of measurement. Thus, the approximate relationships are
where Δα is a variable that can be replaced by δ x , δ y , δ z , ε x , ε y , and ε z . Because of the multiplication of variables, there will be higher-order infinitesimals. The higher-order parts are omitted, and only the firstorder variables remain; therefore, the homogeneous coordinate transformation of
Geometric Error Identification Model
The DBB is used as the measuring instrument; it is a Renishaw QC20-W. It is used in connection with the lengthening bar of different sizes. The measurement accuracy of the DBB is ±1.25 μm.
The geometric errors of each axis are obtained by changing the installation positions of the DBB. The identification model is established in the measuring mode of the DBB to acquire the geometric errors in each axis.
Identification Model on the C Turntable
As shown in Fig. 5 , the DBB is installed parallel to the X-axis. One end is connected with the spindle, and the other end is fixed on the machine tool table. A fixed coordinate system is developed, and it is assumed that the coordinate origin is the intersection point of the surface and the rotational axis of the C turntable; L is the distance between the centre P and the rotational axis of the C turntable, and H represents the distance between the centre P and the surface of the C turntable in the Z-direction. In the initial state, the homogeneous coordinate of the point P in the fixed coordinate system can be expressed by P = (L 0 H 1) T .
Fig. 5. Installation of the DBB of the C turntable
Under ideal conditions, when the rotation angle of the C turntable about the Z-axis is γ, the coordinates of point P can be expressed by: 
Due to the existence of these errors, point P is not in its ideal position and its actual coordinates can be expressed by:
The difference between the actual and theoretical coordinates of point P can be expressed by:
where ΔX, ΔY and ΔZ are the components in three coordinate directions of the changes in bar length. From Eq. (9), six errors in the C turntable can be obtained indirectly by measuring the value of ΔP. To acquire ΔX, ΔY and ΔZ in Eq. (9), the DBB needs to be installed separately in the radial, axial, and tangential directions. To improve the accuracy of identification, the values of H and L need to be changed to obtain the errors in the X, Y, and Z directions using different installation methods. Therefore, six geometric errors generated during the rotation motion of the C turntable can be identified.
The First Combination Method
When the DBB is installed parallel to the X-axis
When the DBB is installed parallel to the Z-axis (axial installation):
In the two installation methods, H 1 is the value of H when the DBB is directly installed on the worktable. Eq. (9) can be written as: . (12) Where γ i is the rotation angle of the C turntable and subscript i denotes the i th measurement point. δ Cxi , δ Cyi , δ Czi , ε Cxi , ε Cyi , ε Czi are the geometric errors corresponding to the C turntable at rotation angle γ i . ΔX 1i , ΔY 1i and ΔZ 1i are the differences between the actual and the theoretical coordinates of point P in the X, Y, and Z directions when the rotation angle is γ i . The following meanings are the same as those indicated by the above symbols. ΔZ 1i is the change in bar length when the DBB is installed in the axial direction, where ΔZ 1i = Δl a1i .
Eq. (12) can be written as: 
The Second Combination Method
As δ Czi can be directly obtained under the first combination, the installation method parallel to the Z-axis is unnecessary. The schematic diagram of this type of combination is illustrated in Fig. 8 . Eq. (9) can be written as:
Similarly, ΔX 2i and ΔY 2i can be obtained by the changes Δl r2i and Δl t2i in bar length when the DBB is installed in the radial and tangential directions. 
Eq. (17) can be written as: 
The Third Combination Method
H 3 is the value of H based on H 1 when a magnetic fixture or a cushion block is added between the DBB and the worktable. The schematic diagram of this type of combination is shown in Fig. 9 .
Eq. (9) can be written as: 
Fig. 9. Third combination: radial and tangential installations
Similarly, ΔX 3i and ΔY 3i can be obtained from the changes Δl r3i and Δl t3i in bar length when the DBB is installed in the radial and tangential directions. They can be written as: 
Eq. (22) can be written as: Therefore, six geometric errors at any angle can be calculated from Eqs. (14), (19) , and (24).
Identification Model for the B Swinging Head
As shown in Fig. 10 , the spindle of the machine tool is placed in the vertical direction. The DBB is installed parallel to the Y-axis. One end is connected with the spindle, and the other end is fixed on the machine tool table. The fixed coordinate system is established as shown in the figure. It was assumed that the coordinate origin was the intersection point of the swinging axis of the B swinging head and spindle axis. L is the distance between the centre P and the swinging axis of the B swinging head in the Z-direction. In its initial state, the homogeneous coordinates of point P in the fixed coordinate system can be expressed by P = (0 0 -L 1) T .
Fig. 10. Installation method of the DBB on the B swinging head
Under ideal conditions, when the rotation angle of the B swinging head about the Y-axis is β, the coordinates of point P can be expressed by: 
Because of the existence of errors, the actual coordinates of point P can be expressed by: The difference between the actual, and theoretical, coordinates of point P can be obtained as: 
From Eq. (28), six errors in the B swinging head can be obtained indirectly by solving the value of ΔP. To obtain ΔX, ΔY and ΔZ in Eq. (28), the DBB needs to be installed separately in the radial, tangential, and axial directions. To improve the accuracy of identification, the value of L needs to be changed to solve the error values in the X, Y, and Z directions under different DBB installation methods. Therefore, the geometric errors generated during the rotation motion of the B swinging head can be identified.
The First Combination Method
When the DBB is installed parallel to the X-axis 
where β i is the rotation angle of the B swinging head, δ Bxi , δ Byi , δ Bzi , ε Bxi , ε Byi and ε Bzi are the geometric errors corresponding to the B swinging head when the rotation angle is β i ; ΔX 1i , ΔY 1i , and ΔZ 1i are the differences between the actual and the theoretical coordinates of point P in the X, Y, and Z directions when the rotation angle is β i . Subscript i denotes the i th measurement point. The following meanings are the same as the above symbols. ΔX 1i and ΔZ 1i can be obtained from the changes Δl r1i and Δl t1i in bar length when the DBB is installed in the radial and tangential directions. 
The Second Combination Method
The schematic representations of these types of combination are shown in Figs. 13 and 14 .
Eq. (28) can be written as: 
Similarly, ΔX 2i and ΔZ 2i can be calculated from the changes Δl r2i and Δl t2i in bar length when the DBB is installed in the radial and tangential directions. They can be expressed by: 
Therefore, six geometric errors, at any angle of the B axis, can be calculated from Eqs. (32) and (36).
EXPERIMENT AND RESULTS
Error Measurement Experiment: The Rotational Axis
The parameters of the machine tool are as follows: the rotation angle range of the C turntable is 0° to 360°, and the swinging angle range of the B swinging head is -120° to 30°. The displacement errors in the B axis and C axis are measured under different installations in the X, Y, and Z directions by the DBB when they are rotated through different angles. The error measurements on the C axis and the B axis are shown in Figs. 15 and 16 . Six geometric errors of each axis are calculated by use of the identification model. In the process of the experiment, the bar length of the DBB is 150 mm. The rotation angle of the C turntable is 0° to 360° and the rotation interval is 20°. The swinging angle of the B axis is -100° to 0° and It can be seen from the above analyses that the process to obtain the geometric errors of the translational axes is direct. However, the attitude errors of the rotational axes are more difficult to measure. Therefore, the identification model is necessary.
The data collected in the process of the experiment included the actual bar length of the DBB. After finishing the data collection for each measurement mode, we obtained the changes in DBB bar length and calculated their averages shown in Tables 1 and 2 .
Analysis of Experimental Results
δ zi (C) = Δl a1i can be directly measured by the error identification model for the C turntable. Six equations in the model include five errors in the C turntable: the least-squares solution to the system of overdetermined equations is obtained by MATLAB™, and each error is obtained as shown in Figs. 18 and 19 .
Based on the errors obtained from the identification model, the maximum, minimum and average values of each axis for the C turntable are shown in Table 3 . Then, using the identification model for the B swinging head, and the measured data, six errors in the B swinging head at each angle are obtained using MATLAB™ (Figs. 20 and 21) .
Based on the errors obtained from the identification model, the maximum, minimum and average values of each axis for the B swinging head are shown in Table 4 .
The experimental results indicate that the displacement errors of both the C turntable and B swinging head are the greatest in their axial directions, at 14.4 μm and 22 μm, respectively; however, the displacement errors are smaller in the other directions. In terms of the angular errors, the largest angular errors around the X, Y, and Z axes of the C turntable and the B swinging head are 5.46×10 -5 rad, 2.56×10 -5 rad, and 5.37×10 -5 rad. Compared with the translational axes, the attitude errors of the rotational axes are harder to measure
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directly. Therefore, the proposed method can be used to measure and identify geometric errors for rotational axes.
CONCLUSIONS
The geometric errors of five-axis CNC machine tools usually need to be measured in production. The method of the DBB is simple, convenient, and efficient, so it is commonly used. However, this instrument cannot provide the measurement of the attitude errors for machine tools. In this paper, the B/C type of five-axis CNC machine tool was examined. A method of identifying the attitude errors of the machine tool was studied based on the DBB, which was used to measure the errors of the machine tool in production sites efficiently. Different installation and combination methods of the DBB were designed in three directions. Seven measurements were implemented under three measurement modes. Then, the attitude errors of the machine tool were obtained by the identification models.
The straightness, squareness, and backlash errors of the machine tool could be obtained directly by the DBB measurement system. According to the measurement results, the straightness errors of each axis are not greater than 2.5 μm. The squareness errors between any two axes are less than 13 μm/m. The backlash errors of each axis are less than 0.5 μm. Additionally, the roundness errors are 6.1 μm, 8.6 μm, and 7.4 μm on three planes. The main geometric accuracies of the machine tool are within the range of the accuracy requirements.
The angular errors were identified by the method of the DBB. The largest angular errors around the X, Y, and Z axes of the C turntable and the B swinging head are 5.46×10 -5 rad, 2.56×10 -5 rad, and 5.37×10 -5 rad. Based on the measured and identified results, it indicates that the method adopted in this paper is effective. Therefore, it can be used as a reference to evaluate the errors of the machine tool in future production.
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